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Abstract 

We consider field theories arising from a large number of D3-branes near singulari- 
ties in F-theory. We study the theories at various conformal points, and compute, using 
their conjectured string theory duals, their large spectrum of chiral primary operators. 
This includes, as expected, operators of fractional conformal dimensions for the theory at 
Argyres-Douglas points. Additional operators, which are charged under the (sometimes 
exceptional) global symmetries of these theories, come from the 7-branes. In the case of 
a singularity we compare our results with field theory and find agreement for large 
A^. Finally, we consider deformations away from the conformal points, which involve find- 
ing new supergravity solutions for the geometry produced by the 3-branes in the 7-brane 
background. We also discuss 3-branes in a general background. 



1 
2 
3 



oferah@phy sics . rutger s . edu 
ansar @schwinger . harvard .edu 
malda@bose.harvard.edu 



1. Introduction 



Through the conjecture |]T|,|^,0 relating field theories with string theory / M theory 
solutions, it has become possible to explore the large limit of field theories by using 
supergravity solutions. One can motivate this relationship by starting with a brane con- 
figuration in the full string theory and then taking a low energy limit which decouples the 
field theory from gravity, and at the same time considering the near horizon geometry of 
the corresponding black brane supergravity solution. 

In this paper we study M = 2 and M = 1 field theories which arise as worldvolume 
theories of D3-branes moving near 7-branes, i.e. 3-branes in F-theory [^,0. In the simplest 
case F-theory reduces to a perturbative 7L2 orientifold [0. The low-energy theory on 
the worldvolume of D3-branes is then J^Jljil a U Sp{2N) Af = 2 gauge theory with 
an antisymmetric and four fundamental hypermultiplets. Deformations away from the 
orientifold correspond to giving some masses to the fundamentals. When the masses 
are zero and the 3-branes are at the origin (the orientifold point) we have a non-trivial 
conformal field theory, whose large limit can be calculated by making an orientifold of 
the AdS5 X gravity background. Note that this theory has dynamical quarks in the 
fundamental representation, so it can be used to study their behavior in the large limit. 
This system was studied in |]T^, together with other Win orbifolds which do not have a 
perturbative limit {Eq, Ef, Eg) that arise as we bring together many nonlocal 7-branes. 

In this paper we study these configurations directly, without using their orientifold de- 
scription. In addition we can study conformal field theories that occur at Argyres-Douglas 
points [pT] , p!2[| . These cannot be viewed as orbifolds but nevertheless we are able to find the 



large A^ gravity description for them. One of the novel features is that these theories have 
operators with fractional conformal dimensions, which arise via some simple generalization 
of spherical harmonics. One interesting implication of these states is that we are forced to 
consider the multiple cover of AdS^. Though this is necessary in general to avoid closed 
timelike loops, the energies of states found in previous computations, corresponding to 
operators with integer (or 1/2 integer) dimensions, were consistent with periodic time. 

In general, when the supergravity solution is singular, there will be states coming both 
from the bulk fields and from the fields living on the singularities. When the low-energy 
theory on the singularities is weakly coupled, these states may be analyzed as easily as the 
bulk modes, but this has not been done until now (except for a discussion of tensor multiplet 
fields in |]T^ ) . In the theories we discuss there will always be operators coming from states 
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localized on the singular surfaces, which in the orientifold case correspond to the fixed 
surfaces. Topologically these singular surfaces look like an inside the S^. We analyze 
the contributions to the spectrum from the singularities as well as those of the bulk modes, 
checking them against the expectations from the weakly coupled limit when it exists, and 
finding agreement for large A^. Similarly, one can construct and analyze configurations 
with two (or three) sets of intersecting 7-branes, which give rise to A/" = 1 superconformal 
field theories [p^|8[] about which not much is known. Related configurations, that also 



describe conformal field theories, were studied in ITS 



Finally, we consider an arbitrary configuration of 7-branes. It has been shown in 
that (for theories with M = 2 SUSY) the metric seen by 3-brane probes moving in the 
7-brane background is exactly the low-energy effective action for the corresponding field 
theory. We now go beyond the probe approximation and consider the metric produced by 
the 3-branes. We find that we can reduce the full non-linear gravity equations to a single 
Laplace equation on the metric produced by the 7-branes. We discuss some qualitative 
features of the solution which do not require solving the equation (a problem left for the 
future). These solutions provide examples of four dimensional non-conformal field theories 
which can be solved in the large limit via supergravity. In particular one can have an 
asymptotically free theory with a logarithmic running of the coupling. 

In section 2 we review some aspects of the 7-brane geometry. We begin by analyzing 
M = 2 SCFTs which arise from D3-branes at 7-brane singularities. In section 3 we calculate 
the operators coming from the fields that live in the bulk of spacetime, while in section 4 
we calculate the contribution of the singular surfaces (the 7-branes). In section 5 we sketch 
the analysis for M = 1 theories, and in section 6 we consider the supergravity solution in 
the general non-conformal case. 



2. D3-branes and Sevenbranes 

We consider the field theory arising when D3-branes move close to 7-branes. In the 
field theory limit the 3-branes and 7-branes are at substringy distances, so only the behavior 
near the singularities, corresponding to the local F-theory geometry, is important. The 
simplest non-trivial case is when the 7-branes correspond to a ^2 orientifold point [§. A 
single 3-brane moving near a orientifold point corresponds to a USp{2) = SU{2) theory 
with four fiavors 0. When we have N branes we have a USp{2N) theory with one 
antisymmetric and four fundamental hypermultiplets. If all the 7-branes and the 3-branes 
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are sitting together we have (at low energies) a super conformal field theory. Since there 
is an SO{8) gauge field living on the 7-branes we have an SO{8) global symmetry on the 
D3-branes. This ^2 singularity is called D4. 

We can get other theories by looking at different configurations of the 7-branes. At 
generic points in 7-brane moduli space we will get non-conformal field theories on the 
D3-branes. These theories will be the subject of the last section. There are 7 types 
of singularities which have a constant value of the dilaton and give rise to conformal 
field theories on the D3-branes. They are the Argyres-Douglas points Hq,Hi and H2 
which have Aq, Ai and A2 gauge theories on the 7-branes (and corresponding global 



symmetries on the D3-branes), and the -D4, Eq, Ej and Eg singularities, which give rise to 
corresponding gauge and global symmetries Only the D4 singularity can occur for any 



value of the dilaton; the other singularities occur at a fixed value of the string coupling, of 
order one. 



The gravity description D3-branes near 7-brane singularities was derived in [|T0[ for 
orbifold cases {D^, Eq, Ej, Eg), and a similar description applies to all types of singular 
7-branes. For a D3-brane near a single 7-brane singularity, the resulting metric is similar 
to the AdS^ x 5"^ metric, but with the metric of the compact space, given by the 

angular variables of 

ds^ = dr^ + r^dnl = VkP + dxj + dxl + dxj + dxj (2.1) 

instead of the metric, and with an appropriate monodromy for the i?-fields around the 
point 1^1 =0. The value of a depends on the singularity type; itisa=|,i,|,l,|,|,| 
for G = Hq, Hi, H2, D4, Eq, E7 and Eg, respectively. Defining new variables w = z^~"^'^ 
and tan^(6') = \w\'^/ {x'^ + x1 + x"^ + Xg), we can write the angular part of (|2.1|) as 



ds"^ = d9^ + s\n^{e)d(i? + cos^{e)dnl , (2.2) 

where dQ.\ is the metric on 5"^, < ^ < 7r/2 and (f) = arg{w) is periodic with period 
271 (1 — a/2), which corresponds to a full rotation in the z plane. The S-fields generally have 
SL{2, %) monodromies around this circle [^; for i3>4, Eq, E7 and Eg these are described in 
P^] , and the Hq, Hi and H2 cases are similar in this respect to Eg, Er and Eq, respectively. 
Except in the D4 case, the string coupling r also has monodromies around this circle, which 
can be treated in a similar fashion. The changed periodicity and monodromies are the only 
difference between this solution and the 5"^ solution, and it means that we have a G-type 
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singularity at sin(^) = 0, which is an in the compact space. This can be interpreted 
as a G-type 7-brane sitting at sin(6') = (and fiUing AdS^). The presence of the 7-branes 
breaks the SO [6) isometry symmetry (which is identified with the global symmetry in the 
four dimensional field theory) to SO{4) x SO{2) ~ SU{2)r x SU{2)l x U{1)r. 

The low-energy spectrum of the type IIB string theory on this space will have a 
contribution from the bulk SUGRA modes on this space, and a contribution from the 
singularities. We will calculate both of these contributions below. 

Similarly, for the (orthogonal, SUSY-preserving) intersection of two 7-brane singular- 
ities we will find the metric corresponding to the angular variables of 

ds^ = Id^ilVkiT' + M^2|Vk2r' + dxl + dxl (2.3) 

where cti, Q!2 are the values of a corresponding to each of the singularities. We will describe 
this in more detail below. Notice that the values of ct^ have to be compatible with one 
another if both singularities exist only at fixed values of the dilaton. In this case the 
isometry symmetry is broken to ^7(1)"^. 



3. Chiral Primaries of J\f = 2 Superconformal Field Theories from Bulk Modes 

In this section we will compute the contribution to the low-energy spectrum on AdS^ 



from the supergravity modes, generalizing the analysis of As discussed above, these 
modes propagate on a space which has the metric of an but with unusual boundary 
conditions on one of the angular variables (denoted by (f) in ( |2.2D ). Instead of being periodic 
with period 2n, this variable is periodic with period 27r(l — a/2), with a monodromy 
relating the fields at ^ = and at ^ = 27r(l — a/2). As discussed in |Ty], the action of this 
monodromy on the supergravity fields can be diagonalized, in which case it corresponds 
to a phase acting on some of the fields. We will start by discussing scalar fields on the 
compact space with no non-trivial monodromy (for instance, the graviton fields h^^, and 
/i"), and discuss the general case later. 

The spectrum of the supergravity fields is determined by expanding the supergravity 
equations (coupled to the 7-brane fields) to linearized order in the fiuctuations around the 
configuration described above. In the large g'^N limit, the sphere is large, and we can 
ignore the interactions of these fields with the 7-brane fields which live on a codimension 
two subspace of the compact space. Since the metric on the compact space is the same as 
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the 5"^ metric, we find the same equations as in the 5"^ reduction of the supergravity fields 
. The only difference is the different periodicity of the fields in the cf) direction. 
For massless scalar fields, the linearized equation of motion is simply the Laplace 
equation on the compact space, whose solutions (for 5"^) are the scalar spherical harmonics, 
in /c'th symmetric traceless representations of SO{Q) with eigenvalue k{k + 4). It is not 
hard to derive this result also using the metric ( p.2| ) (with standard boundary conditions) . 
The Laplacian in this metric is 

= —n sin^cos^ e— - - 3.1 

sm y cos'^ v du dO sm 9 cos^ 

where and l{l + 2) are the eigenvalues of the Laplacian on 5"^ and 5"^ respectively. The 
latter has eigenfunctions in the (1+1,1 + 1) representations of SU{2)l x SU{2)r, with 
I = 0, 1,2,---. The U{l)fi charge of the field is 2m, and m is an integer for standard 
boundary conditions. Plugging in these eigenvalues we find a hypergeometric equation in 
terms of cos^(^), which has a discrete series of solutions that are regular at ^ = and at 
9 = 7r/2, labeled by n = 0, 1, 2, ■ ■ -. The total Laplacian eigenvalue corresponding to the 
n'th solution is k{k + 4) where k = \m\ + I + 2n. For a particular value of k the states 
we find fill in the /c'th symmetric traceless multiplet of SO{6). For instance, for k = 2 we 
find a (1, 1)_|_4 representation from m = ±2, Z = 0, n = 0, a (1, 1)q representation from 
m = 0, / = 0, n = 1, a (2, 2)_^2 representation from m = ±1, / = 1, n = and a (3, 3)q 
representation from m = 0,1 = 2,n = 0. Together these form the 20' of SO{6). 

How does this change when we implement the different periodicity conditions de- 
scribed above ? The only thing that changes is that we now have different possible values 
of m from the Laplacian. Instead of having m be an integer from the eigenfunctions 
gim0^ we now have m = m/(l — a/2) for integer m, corresponding to the eigenfunctions 
gim0/(i-Q!/2) Otherwise, the analysis is the same as above. For the analysis of the hy- 
pergeometric equation it does not matter if m is an integer or not. Thus, for any integer 
rh and non-negative integers I and n we will find an eigenfunction of the Laplacian in the 
(1 + 1,1 + l)2m/(i-a/2) representation, with an eigenvalue k{k + 4), where 

k=-^^+l + 2n. (3.2) 
(l-a/2) 

The AdS/CFT correspondence relates a massless field to an operator of scaling dimension 
A = k + 4. Some of the operators that were originally (in the A/" = 4 theory) in chiral 
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primary multiplets will remain in chiral primary multiplets also of the M = 2 superconfor- 
mal algebra, while others can be in large (non-chiral) multiplets of the M = 2 algebra. It 
is easy to identify which scalar fields are lowest components of chiral primary multiplets 
of the Af = 2 algebra, since these fields obey A = 2j + R/2 where j is the spin of their 
SU{2)ii representation and R is their U{l)ii charge. Fields that do not obey this relation 
can be either descendants of the chiral primary fields or non-chiral fields. 

Similarly, for scalar fields which have some phase from the monodromy, again the 
only difference from the case will be the appearance of different eigenvalues m in the 
Laplacian, which will be shifted by a constant compared to the values discussed above. 
As above, this will change the C/(l)jj-charge of the corresponding fields and their dimen- 
sion, but otherwise the spectrum remains unchanged. For instance, let us look at the 
fields arising from a linear combination of /i^ and Dabcd, which in the original case 
gave chiral primary fields of the A/" = 4 superconformal algebra which were identified with 
tr(A*^A*2 . . -X**^) 0. Using the relation between the dimensions the R-symmetry repre- 
sentations, it is easy to see that the condition for this state to give a chiral primary field of 
the M = 2 superconformal algebra (namely, the field with lowest dimension in an A/" = 2 
chiral primary multiplet) is that n = 0. Consider the fields with Z = n = 0. In the original 
case there was no mode with /c = and the mode with k = 1 could be gauged away [^| 
so we only had m = ±2, ±3, ■ • •. In the new metric it seems that rfi = ±1 is also allowed 
(since it no longer corresponds to a dimension one operator which would be a singleton 
field). Thus, we find a chiral primary field in the (1, l)2m/(i-a/2) representation, with 
dimension A = k = \rh\/{l — a/2), for any non-zero integer rh. We can identify these fields 
with the natural coordinates of the Coulomb branch of these theories. For = 1, the field 
with m = 1 can be identified (in the usual sense of the AdS/CFT correspondence) with 
the standard coordinate u on the Coulomb branch, which was shown in [0 to indeed have 
dimension A = 1/(1 — a/2) (namely, A = 6/5 for the Hq case, A = 4/3 for Hi, A = 3/2 
for H2, A = 2 for D4, A = 3 for Eq, A = 4 for E7 and A = 6 for Eg). The fields with 
higher values of m may be identified with the natural coordinates on the A'th symmetric 
product of the u plane (for large A), which is the Coulomb branch for the theory arising 
from A D3-branes. Thus, our results agree with the field theory expectations in this case. 
Similarly, we can analyze all the other supergravity fields, and obtain predictions for the 
full large A spectrum of chiral primaries in all of these theories. 



Note that the equation of motion for this field includes also a linear (mass) term, causing 
the corresponding dimensions to be A = A; instead of A = A; + 4 [p!8|,^ . 
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Note that our method of analyzing the spectrum is different from the method of |TC 



and apriori the results seem to be different. In particular, in |jTy] the spectrum is described 
as a projection of the original spectrum, while here we describe it as a shifted version 
of the same spectrum. However, it is easy to check that in the cases that correspond to 
orientifolds (namely, a = 1, |, f and |) the results actually agree. For instance, let us 
analyze the modes of a periodic massless scalar field which correspond to operators of 



dimension A = /c + 4, for the case a = 1 which is a ^2 projection. In the analysis of |1C 



we start with the original supergravity spectrum |]T^ in which we have such a mode in the 
(1 + 1, 1 + 1)2111 representation for k = \m\ + I + 2n, and then we project out the modes 
which have odd values of m, so we find a field in the (1 + 1,1 + 1)4111 representation for 
k = 2|m| + / + 2n for any integer m and non-negative integers / and n. In our analysis, 
since in this case m = 2m for integer m, we find exactly the same result by the method 
described above. The same comparison works for all the other fields as well. However, the 
analysis above applies also to cases which do not have an orientifold description, such as 
the Argyres-Douglas points. 



4. Chiral Primaries oi Af = 2 SCFTs from 7-brane Fields 

The compactifications of type IIB string theory which correspond to A/" = 2 SCFTs 
include, as described in §2, 7-branes wrapped around an inside the compact space 
(and filling the AdS^ space). For the theory corresponding to N D3-branes at a G-type 
singularity, the low-energy theory on these 7-branes is a 7+1 dimensional A/" = 1 SYM 
theory of gauge group G (in order to get a conformal theory on the 3-brane the singularity 
can be of type G = Hq, Hi, H2, D4, Eq, E7 or Es). The low-energy spectrum of this 
compactification will thus include the Kaluza-Klein modes of this vector multiplet on 
X AdS^, and by the usual AdS/CFT correspondence 05050] these will correspond to 
primary operators in the SCFT. Since all these operators are in small multiplets (with 
spins up to one), the corresponding operators will necessarily be chiral primaries, and the 
AdS/CFT correspondence implies that these will be all the chiral primaries charged under 
the global symmetry group G which remain at finite dimension in the large limit (for 
the -D4 theory we need to take also large g'^N; for the other theories Qs is of order one so 
this is guaranteed). 

In principle, we should compute the spectrum of masses of these states by linearizing 
the equations of motion of the 7-brane fields in the appropriate background, as was done 



7 



for the supergravity fields in However, since these states are aU in smaU multiplets, 
their masses (related to the dimensions of the corresponding chiral primary operators in 
the SCFT) are completely determined in terms of their R-symmetry representation. Thus, 
all we really need to do is compute which representations arise. The R-symmetry in the 
M = 2 superconformal algebra is SU{2)^ x [/(l)^, and a (scalar) chiral primary field in 
an SU{2)n representation of spin j and with U{1)r charge R has dimension A = 2j + R/2 
(where R is normalized so that the SUSY generators have R = 1). In the supergravity 
solution, this R-symmetry is part of the isometry group of the compact space, which is 
SO{4) X SO{2) ~ SU{2)r X ^[7(2)^ x U{1)r. 

The 7+1 dimensional A/" = 1 vector multiplet contains a vector field A^, a complex 
scalar field z and fermions. We will concentrate here only on the bosonic fields (obviously 
the fermionic spectrum is related to this by the supersymmetry). The field z is in the 
(1, 1)2 representation of the global symmetry group SU(2)r x SU{2) l x U{1)r. When we 
put this theory on x AdS^, the vector field will decompose into an AdS's- vector field 
and an vector Aa- The spectrum of fields on AdS^ will include the KK modes of 
all these fields. 

For the scalar field z the expansion is z{x,y) = J2k ^k{x)Y''{y) where x denotes 
the AdS^ coordinates, y denotes the coordinates, and Y^{y) are the scalar spherical 
harmonics on S^. On S*^, these are in SO{d+l) representations corresponding to symmetric 
traceless products of (d + l)'s. For 5''^ we thus find that the fields Zk{x) are in the (k, 
representations of the global symmetry group, for /c = 1, 2, 3, • ■ ■. 

For the vector field we have a similar expansion A^{x, y) = J2k ^ft(^)^'^(?/)' leading 
to vector fields on the AdS^ space in the (k, k)^ representation for /c = 1, 2, 3, ■ ■ ■. For the 
internal components of the gauge field we have Aa{x,y) = J2k ^k{x)Y^ (y) where are 
the vector spherical harmonics on S^. The fields Ak{x) will thus be real scalar fields in the 
(k, k + 2)0 + (k + 2, k)o representation of SU{2)r x SU{2) l x U{1)r for /c = 1, 2, 3, ■ ■ -. AU 
these states are in the adjoint representation of the gauge group G, and according to the 
AdS/CFT correspondence they correspond to the only G-charged operators that remain 
at finite dimension in the large limit. 

Next, let us describe the supermultiplet structure that these fields fall into. The 
supercharges of the Af = 2 theory are in the (2, 1)^^ representation of SU{2)r x SU(2)l x 
U{1)r. There exist small representations of the superconformal group that start with 
a lowest component that is a real scalar in the ko representation of SU{2)r x U{1)r. 
The other components of the multiplet arise by acting with supercharges Q on this lowest 
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component. We will describe here only the bosonic components. Acting with two Q's gives 
rise again to a scalar field, in the (k — 2)^ representation. The fact that we find a smaller 
i?-symmetry representation is a manifestation of the fact that this is a chiral primary field 
in a small representation. Acting with two Q's gives the complex conjugate field. Acting 
with one Q and one Q gives a vector field in the (k — 2)^ representation. Finally, acting 
with two Q's and two Q's gives a scalar field in the (k — 4)q representation, and these are 
all the bosonic fields in the short multiplet. 

It is easy to see that all the fields found above fit into this type of multiplet. Looking 
at singlets of SU{2)l, we find that we have a a real scalar field in the (3, a complex 
scalar field in the (1, 1)2 and a vector field in the (1, 1)q, which fits into the above structure 
with /c = 3 (in this case the highest component of the multiplet vanishes). Similarly, 
the other fields fill out other representations whose lowest component is a real scalar 
field in the (k + 2, k)Q representation, and which include a complex (k, k)2 scalar field, 
a vector (k, k)Q field, and a real (k — 2, k)Q scalar field, for k = 1, 2, ■ ■ -. The dimension 
of the lowest component is determined by the general formula for chiral primaries to be 
A = 2j + R/2 = /c + 1, and then the Q^ components have dimension k-\-2 and the highest 
component has dimension A; + 3. 

In principle, we should compute the masses of all these fields by expanding the 7- 
brane action, but this is not necessary since SUSY guarantees that the masses will be the 
ones corresponding to these dimensions. We should, however, comment on one apparent 
mystery, which is that we find a real scalar field in the (k + 2, k)Q representation with 
dimension A; + 1, while the (k, k+ 2)q field has dimension A; + 5. Naively, these fields 
arise from spherical harmonics of the same Laplacian eigenvalue so they should have the 
same mass, and therefore the operators should have the same scaling dimension. How- 
ever, while the corresponding vector spherical harmonics indeed have the same eigenvalue 
of the Laplacian, they have eigenvalues of opposite sign of the operator *D defined by 
(*Dy)" = e'^'"^D(,Y"c5 where a, h, c are S"^ coordinates and D^j is the covariant derivative. 
This operator squares to the Laplacian, and the eigenvalues of the vector spherical har- 
monics in (k, k + 2) representations have an opposite sign from the eigenvalues of the 
(k + 2, k) spherical harmonics. This operator enters into the mass formula for the fields 
through the coupling J d^xF A F A D^^"* in the 7-brane action, where F is the gauge field 
strength on the 7-brane and D^^^ is the 4-form RR field of type IIB string theory. This 
leads to an equation of motion for the gauge field A of the form 

j-,aA ^ ^ABCDEFGH p, a p(5) / . n 
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where F^^'^ is the self-dual 5-form field strength of D^'^\ In the solution we are expanding 
around, F^^^ is non-zero in the AdiSs-components. Thus, we find a term of the form 
UA°- ~ e'^^'^DijAc in the equation of motion, which leads to a shift in the mass of the field 
corresponding to the eigenvalue of *D, in agreement with our results above. 

Next, we would like to compare our results with the spectrum of operators in the 
SCFT. The only case for which this is known is the case, when the theory on the 
3-branes is an USp{2N) gauge theory with an anti-symmetric hypermultiplet and 4 fun- 
damental hypermultiplets . The scalar fields in this theory include a complex scalar 
field X from the vector multiplet, which is in the (1, 1, 1, N(2N + 1))2 representation of 
the global and local symmetry group 

SU{2)r X SU{2)l X SO{8) x USp{2N) x U{1)r. (4.2) 

The hypermultiplet scalar fields are q from the fundamental hypermultiplets, in the 
(2, 1, 8, 2N)q representation, and Y from the anti-symmetric hypermultiplet, in the 
(2, 2, 1, N(2N — 1))q representationi. Both of these fields obey reality conditions of the 
form = e^^ Jabiq^)^ and Y^^' = e^^e^'^' Jab{Y^)BB'^ where A, B are SU{2)r in- 
dices, A' , B' are SU(2)l indices, a, 6 are gauge group indices, and J is the appropriate 
anti-symmetric tensor. In the field theory the SU{2)l symmetry may be identified with 
the fiavor symmetry of the anti-symmetric hypermultiplet. 

We are interested here only in operators which are charged under SO{8) (the other 
operators were described and compared with the AdS construction in , as described in 
the previous section). Obviously, these operators must involve at least two squark fields 
q, or the fermions t/^q in the quark multiplets. It is easy to see that any operator with 
more than two quarks will be the product (or the sum of products) of more than one 
gauge invariant field, so it should not be compared with single-particle states in the AdS 
theory. Thus, it is enough to look at operators with two quark fields. The simplest such 
operator is just a product of two q's. Obviously, the product must be anti-symmetric in 
the USp{2N) indices to give a gauge-invariant field, so it can either by symmetric in the 
SO{8) indices and anti-symmetric in the SU{2)r indices or vice versa. In the first case we 

^ The N(2N - 1) representation of USp{2N) is actually reducible as (N(2N - 1) - 1) + 1, 
with the 1 corresponding to the center of mass motion of the 3-branes along the worldvolume of 
the 7-branes. Since this is a decoupled free field we do not expect to see it in the bulk gravity 
description. 
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get a field in the (l,l,35+l)Qof the global symmetry, but this is not a chiral primary, 
since it does not have any R-chargei. On the other hand, in the second case we get a real 
scalar field in the (3, 1, 28)q representation, and we can identify it with the (A = 2) field 
of the same representation that we found above. The rest of this representation can now 
be constructed by acting on this operator with the supercharges. The QQ component will 
be exactly the global S'0(8) current (with A = 3), while the component involves terms 
of the form qXq and i/jqi/jq- 

The other fields described above can similarly be constructed from the product of /c — 1 
y-fields with the two quarks, starting from q^Y^'^q^ where the SU{2)r indices A, S, C 
must be multiplied symmetrically to get a chiral field, and the SU{2)l x S0{8) indices 
(in the (2, 28) for k = 2) were suppressed. It is slightly less trivial to show that these 
are the only chiral primary fields in the theory. Any product of X with q turns out to 
be a descendant because of the W = qXq superpotential. Similarly, any anti-symmetric 
combination of F' s is a descendant because of the W = YXY piece of the superpotential 
(the equation of motion of X enables us to replace it by two (/'s, allowing us to decompose 
the field into a product of more than one gauge-invariant field) . Thus, for the D4 case we 
find an exact agreement between the AdS prediction for the spectrum and the field theory 
results for large A^, which can be viewed as evidence for the conjecture of [Q. In both cases, 
the spectrum of (G-charged) chiral primary fields includes the global symmetry current 
multiplet, and an infinite (for large N) series of copies of this multiplet, with increasing 
dimensions and SU{2)^ x SU{2)l representations. 

For finite A, k cannot be arbitrarily large in the field theory, since for k of order 
A the products of k fields are no longer independent (in particular, for A = 1 y is a 
singlet, and only the k = 1 fields are independent). However, as discussed in |T^, it 
is not clear how to see this in the AdS construction. Similar bounds were discussed for 
AdSs X in 0,|21|,0. For other groups G, the construction gives us a prediction for the 
spectrum of chiral primaries which it is not clear how to check directly in field theory. For 
G = Hq, Hi, H2 we can construct the corresponding theory by fiows from the D4 theory 
T^ , which enables us to construct the chiral primaries as subsets of the primaries of the 



-D4 theory. For G = Eq,Ej,Es it is not known how to construct these spectra directly 



^ Therefore, it does not obey the relation between the dimension and R-charge for a chiral 
operator in the free theory. Alternatively we can see that by acting on it with SUSY generators 
we get a field in the (larger) (2, 1, 35 + 1) representation. 
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from field theory; perhaps the predictions of the AdS/CFT correspondence may be tested 
in string theory. We find the same structure for the spectrum of G-charged states in all of 
these cases, with the only difference being in the global symmetry representation. 

5. A/^ = 1 Superconformal Field Theories from Intersecting Sevenbranes 

In this section we study the conformal field theories arising when 3-branes sit at the 
singularity in (|2.3| ). We will describe the general procedure for computing the large N 
spectrum of these SCFTs, but we will not compute them explicitly. The results here may 
easily be generalized also to the case of three intersecting 7-branes. 

5.1. Bulk Contribution 

The analysis is similar to what we did above for M = 2 theories. We can choose 
coordinates so that the angular part of (|2.3|) becomes 

ds'^ = de"^ + sin2(^)rfi/;2 + cos^ {9) d(t)l + sin^{e) cos'^ii;) d(j)l + sin^ie) sm'^{tl;)d(pl, (5.1) 

with a-deformed boundary conditions and monodromies in the cpi and (f)2 variables. The 
spherical harmonics will now be labeled by the momenta mi, m2 and in the 4> variables, 
and by two additional non- negative integers m and n, such that the eigenvalue of the 
Laplacian is k{k + 4) where k = \mi \ + \m2 \ + \ms\ + 2m + 2n. In the 5"^ case all these 
numbers are integers. In our case the periodicity conditions on (pi,(p2 are different, so 
rrii = fhi/{l — ai/2) {i = 1,2), but m^.n.m are still integers. The U{1)r charge in the 
N = 1 superconformal algebra is the sum of the 5'(9(2)'s acting on (^i, (^2, 4>2,^ so it will be 
2mi + 2m2 + 2m^. 

Of course, all these shifts affect only fields which are charged under the SO{2) sym- 
metries in the spaces transverse to the singularities. In particular, the fields which are 
uncharged under the R-symmetry, such as the energy- momentum tensor (the zero mode 
of the graviton) and the global symmetry currents (the zero modes of the 7-brane gauge 
fields) will not be affected, and will remain in the theory with the same dimension, as is 
required by their conservation equations. 
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5.2. Contribution from fields at singularities 

In this case we have two sets of singularities (7-branes) along two three-spheres in 
the compact space which intersect along an S^. So, there will be modes coming from the 
7-branes and modes coming from the intersection of the two sets of 7-branes. The analysis 
of the 7-brane modes is similar to what we did in §4, except that now the is really 
replaced by a singular space since one of the angles will have a different periodicity. This 
can be taken into account as we did for the bulk modes in §3, but now with replacing 
S^. Thus, we will again find the same spectrum described in the previous section arising 
from each singularity, but with shifted U{1)r charges and dimensions. 

Next, we turn to the contribution of the intersection region. In many cases this region 
corresponds to a strongly coupled d = 6 Af = 1 fixed point theory |jT^, about which not 
much is known. However, in other cases the low-energy spectrum is known. A particularly 
simple case is the intersection of two D4 singularities, which can be described as a ^2 x ^2 
orientifold of the type IIB string theory p3|JT^ . The field theory on the D3-brane in this 
case is a d = 4, A/" = 1 theory which, by construction, has an SL{2, %) electric-magnetic 
duality symmetry. Unfortunately, unlike the case of a single singularity described in 



the previous section, it is not known how to write down a Lagrangian for this theory [14 



so we cannot compare our results with field theory, but our results may help to find a field 
theory description for this theory. An intersection of this type can occur at any value of 
the string coupling, and in particular, at weak coupling one can perform a perturbative 
analysis of the spectrum and find that there is a tensor multiplet living at the intersection. 
This is a small multiplet of the d = = 1 SUSY, so again it will give rise to chiral 
multiplets in the corresponding d = A^M = 1 SCFT. We will find one such multiplet for 
every Kaluza-Klein mode on the S^, since the tensor multiplet lives on x AdS^. The 
U{l)fi symmetry of the SCFT will include a contribution from the SO{2) symmetry of the 
S^, so the corresponding fields will have all possible integer values of the R charge. The 
tensor multiplet of (i = 6,A/' = 1 includes a real scalar, an anti-self-dual tensor field and 
fermions. Upon reduction on the bosonic spectrum will include the KK modes of a 
tensor field (or a vector field which is dual to the tensor in 5 dimensions) and a real scalar 
field. These fields naturally fit into a field strength multiplet Wa, whose bosonic modes 
include a real scalar field D and a tensor field F^j, (the real scalar field usually appears as 
an auxiliary field in gauge theories, but here it is an independent primary field). We find 
one such multiplet for every possible value of the momentum along the 5"^, up to infinity 
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in the large limit. The existence of these multiplets (at least for large A^) is a prediction 
of the CFT/AdS correspondence, which may help in finding a Lagrangian formulation of 
the CFT in this case. 

Similarly, in other intersections of singularities hypermultiplets arise at the intersection 
points. These are also small multiplets of the d = 6,Af = (1, 0) SUSY algebra, and in the 
field theory they would correspond to the usual chiral primary multiplets, whose bosonic 
components are two complex scalar fields $ and F. In other cases, the low-energy theory at 
the intersection of two singularities can be an interacting conformal theory, whose spectrum 
is not well-defined. We will not discuss these cases here. 



6. Supergravity Solution for 3-branes in a 7-brane Background 

A 3-brane probe moving in a 7-brane background has a low energy effective action 
which is the same as that of the exact solution of the corresponding low-energy field 



theories ||2^ , p5| ,|6|,[f| . In order to argue that the geometry is related to the field theory 
one needs in these cases to resort to a non-renormalization theorem which explains why 
the long distance result (gravity solution) can be continued to short distances (the field 
theory regime). Generally, this is valid only when we have at least M = 2 SUSY. In this 
section we go beyond the probe approximation and we see how the 3-brane deforms the 
geometry. We will find that if the number of 3-branes is large the geometry can be trusted 
also in the field theory regime. Therefore with this solution one could calculate non-BPS 
processes involving a wide variety of energy regimes. We make an ansatz that reduces the 
problem of solving the full supergravity equations to solving the Laplace equation on the 
background generated by the 7-branes. We were not able to find a full solution of this 
Laplace equation, which in principle could be found numerically to extract information 
about the field theory. We will, however, discuss some qualitative features of the solution. 
The solution has a structure quite similar to other cases where branes can be localized 



within branes ||2q] . 

We now describe the solution, which boils down to a general recipe for introducing 
a 3-brane in a 7-brane background. We first consider a general solution of intersecting 
7-branes which preserves some supersymmetry. The cases of interest are (i) A single stack 
of parallel 7-branes preserving 16 supercharges (or F-theory on K2>), (ii) Two stacks of 
parallel 7-branes sharing 5+1 common directions and preserving a total of 8 supercharges 
(or F-theory on CY3) and (iii) Three stacks of 7-branes, with any two stacks sharing 5-)-l 
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common directions and all of them sharing a total of 3+1 common directions, preserving 
a total of 4 supercharges (or F-theory on CI4). Only in the first case (i) the solution 



is known explicitly. In the case (ii) the behaviour of the dilaton is known |jT^ but to 
our knowledge a general form of the metric is not known explicitly. In any case we will 
assume that we have a solution for the 7-branes by themselves. Then we will add the 
3-branes. In cases (i),(ii) and (iii) the worldvolume field theory has M = 2^M = 1 and 
M = 1 supersymmetry, respectively. In case (iii) the 3-brane has to be chosen with the 
right orientation so that it does not break additional supersymmetries. 

Let us assume that we have a supergravity solution for one of the three cases: it will 
be of the form 

ds^ = (ixy + gijdx^dx\ (6.1) 

where (ixy is the flat Minkowski metric in the directions 0123. Furthermore g is a Kahler 
metric and the complexified IIB coupling tub = X + ie~'^ is a holomorphic function 
and describes, together with gij, an elliptically fibered CY space. Since these cases, by 
assumption, preserve supersymmetry, there is a spinor e which satisfies 

SX = V^'^PMt* = 

1 i (6-2) 



where we use the notation of [^. In the cases (i), (ii) and (iii) r depends on one, two 
or three complex variables, respectively. We find that the spinors satisfy the conditions 
F/e = 0, where / runs over the complex variables zi on which r depends, so that we get 
one, two or three conditions on the spinor. All these conditions are compatible with each 
other, and they each break one half of the supersymmetry. 

In the M = 2 case (i) , the 7-brane metric is explicitly known 



gz, = r2{z) I r?^r(z)) \[{z - z.y^^dz \\ (6.3) 



i=l 



where z = + Zi are the positions of the 7-branes, and t{z) is the modular parameter 
of the elliptic fiber of the F-theory compactification. 

Now, consider introducing 3-branes into the problem with their worldvolume spanning 
the — 3 directions. We make the following ansatz for the Einstein metricB 

ds^ = f-^/^dx\ + f/^g,jdx'dx^ (6.4) 



^ This ansatz appeared also in |15] while this paper was in progress. 
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and for the 5-form field 

Foi23r = -\dj-^ . (6.5) 

The dilaton is the same as in the solution for the 7-branes. /(x*) is a function of the 
coordinates transverse to the 3-brane. The self-duality condition F = -kioF implies that 
the dual components of -Foi23i are non-zero, and in order to be able to solve for a gauge 
potential we need 

-^d^i^gg'^d.f) = -(27r)4iviA^— ^ (6.6) 

where we have included a source term at the position of the D3-branes so that we 
produce the right value for the flux of the five-form field strength. If the 3-branes are at 



different positions we just replace Nd{x — x^) J2i ^(^ 



X 



It is easy to see that the ansatz ( |6.4| ) ( |6.5| ) leads to a preserved supersymmetry. We can 
write the supersymmetry parameter as 77 = /~^/^e, where e is the supersymmetry preserved 
by the 7-branes alone. Then it is easy to see that all the supersymmetry variations, which 
now include also the 5-form field, vanish provided that 

(l + zfoi23)?7 = 0, (6.7) 

where F refers to the flat metric gamma matrices. This constraint is automatically satisfied 
in case (iii) with our choice for the charge of the 3-brane ( |6.5|) , while in the other cases 
half of the SUSYs will be preserved. Thus, we have verified that our ansatz preserves the 
expected amount of supersymmetry, and this, together with (|6.6|), guarantees that it will 
also satisfy the equations of motion. 

Now we should discuss more precisely the regime of validity of the supergravity so- 
lution. We will be interested here in the field theory limit, analogous to the decoupling 
limit described in detail in [0. In that limit only the local F-theory geometry will be 
relevant, and it will encode not only the information about the low-energy effective action 
but (according to the conjecture [0) the full information about the large limit of the 
field theory. To describe the field theory limit we will impose the boundary condition that 
/ ^ when x — > 00, as opposed to / ^ 1 which is relevant for the standard D3-f- 7-branes 
solution. This amounts to taking the decoupling limit as in [|l|]. In other words, we are 
taking the limit a' — >^ keeping the mass of the 7-7 , 3-7 and 3-3 strings fixed. In order to 
see when the gravity approximation is valid we first note that the equation ( |6.6| ) is linear, 
so the solution for branes is related to the solution with = 1 by /at = N fi. When we 
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insert this into our ansatz (|6.4| ) (|6.5| ) we find, after defining new variables 
that there is an overaU factor of in the metric so that by taking large the curva- 
ture becomes small almost everywhere. The curvature might blow up at the position of 
the 7-branes, but this can be taken into account by adding the fields propagating on the 
7-branes (as we did above). 

We also need to understand what happens very close to the point where the 3-branes 
are sitting (x^) and what happens at infinity. If is a non-singular point in the original 
F-theory geometry, then the solution very close to will behave as / ~ N/ {x — x^)"^ and 
the geometry locally will be AdS^ x 5"^. This is just saying that we will have the A/" = 4 
gauge theory in the infrared. The behaviour in the ultraviolet (large x) will depend on the 
F-theory geometry. If the geometry is such that the dilaton asymptotes to a constant value 
then we also have a conformal field theory in the ultraviolet which will be like the ones 
we described in previous sections. This physically means that at high energies we do not 
distinguish whether the 7-branes and 3-branes are all together or not. Another possibility 
is that the dilaton goes to zero at infinity. It has already been shown in [^§,0 that the 
behaviour of the dilaton in F-theory is the same as the behaviour of the coupling constant in 
the gauge theory. A novel feature of the large N limit is that the gravity description is valid 
in the field theory regime (though it is not perturhative field theory). If the dilaton goes 
to zero at infinity then the gravity approximation breaks down as we go to large distances 
from the 7-branes. This can be seen by solving ( |6.6D approximately for large 1^1, and we 
find that / ~ A^/(|2;|^(log |2;|)^). Then we see that the square of the Ricci tensor in the 
string frame divergeJl. This is expected since in these cases at high energies perturbation 
theory becomes a good approximation and therefore gravity should fail. The distance 
at which the curvature diverges grows exponentially with A^, mirroring the logarithmic 
behaviour of the coupling as a function of energy in the field theory (in a gauge theory 
of rank with an A^-independent one- loop beta function). At lower energies gravity will 
still be a good approximation if the number of 3-branes is large enough. The fact that the 
geometrical description fails for large distances for asymptotically free theories in 1-1-1 and 
2-1-1 dimensions was discussed in ||2^. In the cases discussed in the running of the 



effective coupling was power-like and due to the engineering dimensions of the coupling. In 



It is necessary to go to the string frame to asses the validity of the gravity approximations 
since the dilaton is going to zero. Actually the square of the Ricci tensor goes to a constant in 
the Einstein frame. 
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this four-dimensional case the running of the couphng is logarithmic so it is more like what 
is expected for QCD. We could consider, for example, the theory that arises when we start 
with the ^2 orientifold and we move the four D7-branes away. This corresponds to 
making the fundamental hypermultiplets infinitely massive. We get an A/" = 2, USp{2N) 
gauge theory with a hypermultiplet in the antisymmetric representation. The running of 
the coupling is logarithmic but independent of A^, since it is given by the 7-brane solution. 
This agrees with the field theory expectation. 

We could also have a solution where we have 3-branes sitting on a D7-brane. This is 
a theory which at low energies has the matter content of Af = 4 SYM plus a fundamental 
hypermultiplet. In this case the gravity solution will fail in the infrared (close to the 3- 
branes) since the dilaton is going to zero. This, of course, is in agreement with the fact 
that the field theory becomes free in the infrared in this case. 

Note that the form of the metric ( |6.4| ) is such that the equations for a BPS string, or 
a string web ||3y,^, are the same as if we neglected the metric generated by the 3-brane 
(and set / = 1). Consider a configuration where the 7-branes are separated from each 
other, the 3-branes are separated from the 7-branes, and some 3-branes are also separated 
from the rest of the 3-branes. In this situation we could have strings (or string webs) going 
between different 3-branes, between 3-branes and 7-branes or between different 7-branes. 
In the gravity description the 3-7 strings become strings going between the 7-branes and 
the horizon U = 0. All these types of states are then states in the field theory, and for 
large the proper length of these strings is large so that we can trust the semiclassical 
description. This is in contrast with the situation at small where the field theory 
regime and the semiclassical descriptions of the string webs do not overlap. Notice that 
strings going between different 7-branes can be viewed as the bound states of two quarks 
(hypermultiplets in the fundamental of USp{2N)). This can be seen starting from a quark- 



antiquark pair at some distance and through a description as in one can see that the 
configuration would decay into a string going between two different 7-branes. The fact 
that strings going between 7-branes play a role in the field theory was demonstrated above 
where we found that they corresponded to operators in the 4d CFT (for example, to the 
global symmetry currents). At the conformal point we do not see the 3-3 strings or the 
3-7 strings since they become strongly interacting massless particles. Of course the effect 
of these interactions is summarized by string theory on the AdS geometry. 

Another interesting thing to calculate is the Kahler metric in the moduli space of the 
3-branes. Consider a 3-brane separated from the rest of the 3-branes. Its dynamics are 
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described by a Born-Infeld action in the supergravity background, which reduces at low 
energies to 

£ ~ y" TaF^ + TiFAF + gijdX'dX^ . (6.8) 

So, we see that the Kahler metric is just the metric produced by the 7-branes. This gives 
a method to compute the Kahler metric for M = 1 theories for and Qym^ large. In 



principle one could also compute corrections in 1/ \/ Oym^ ^^"^ 1/-^; which are a' and 
string loop corrections, respectively. 

6.1. Three-branes in more general spaces 

The ansatz that we found above, equations (|6.4D and (|6.5|), is quite general. Indeed, we 
can start with any supergravity solution with zero S-fields (not necessarily supersymmet- 
ric) which is the product of four dimensional Minkowski space and some six-dimensional 
geometry (of the form ( |6.1j )), where the dilaton field need not be a constant, but all the 
fields depend only on the six-dimensional coordinates. Then, the solution after we add the 
3-branes has the form (|6.4| ) ( |675|) with / given by ( |6.6|) . Of course, in non-supersymmetric 
cases the solution that we get in this way could be corrected by a' or loop corrections. 
These corrections will be small in the large limit (if we take large with everything else 
kept fixed). In the decoupling limit, as above, only the local geometry will be important 
and / ^ when x ^ oo. These solutions give the large limit of field theories that 
arise when 3-branes move in the corresponding geometry. In fact, we can argue that the 
solution must have this form since we could compactify the three spatial dimensions par- 
allel to the 3-brane and do a U-duality transformation which takes the 3-brane charge into 
momentum. The solution carrying only momentum is given in terms of a single harmonic 
function which satisfies the Laplace equation in the transverse space (in Einstein frame) 

(supersymmetry was not necessary for the plane wave solutions studied in [133| ). 

In particular, one could study 3-branes moving on an ALE space or near a singularity 
in a CYa manifold. 3-branes at various singularities and orbifold points were analyzed at 



the conformal point in [|T3| , |3^ , p5l , |36[| . The above ansatz provides a way to solve for the 
theory away from the conformal point, after moving the 3-branes away or blowing up the 
Ak singularity into a smooth ALE space. In the latter case there will be strings on the AdS 
space coming from 3-branes wrapped on the blown-up 2-cycles, which should have some 
field theory interpretation (as found for other branes in [^^). Of course it is necessary again 
to solve the Laplace equation (|6.6|) on the corresponding background. All that we said in 
the previous section about the validity of the supergravity solution, etc., goes through also 
for this case. Similarly one could analyze field theories with less supersymmetry. 
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6.2. First order approximation 

The equation ( |6.6| ) for the Af = 2 case becomes 



[g.-.^l + 4c»,c»,]/ = -(27r) W(z - zo)6\y), (6.9) 



where Qzz is given by (|6.3| ) . To illustrate an aspect of these solutions assume that zq is not 
on any 7-brane. This means that the metric is regular there and that one can find some new 
coordinates z so that zq = and such that the metric has the expansion g = 1 + c|5p + ■ ■ •. 
Then we can solve the equation (|6.9| ) iteratively by writing / = /o + /i + ■ ■ ■, where 

4:nN 

fi satisfies 

[V^ + 4d,dj]h = -ciSpVj/o, (6.11) 



and so on. Solving ( |6.11J ) we find that fi is given by 



so, as expected, when 5 — the correction becomes small. From ( |6.12| ) one might expect 
that the leading irrelevant correction is due to an operator of dimension six. This is not 
true, however, since the leading irrelevant correction will come from the fact that that the 
dilaton is not constant, and the first derivative of the dilaton at zq will give rise to an 
operator of dimension five in the 6 representation of SO (6). This is the leading irrelevant 
correction to the A/" = 4 low-energy theory on the 3-branes. In fact, the coefficient c above 
is quadratic in the parameter of this perturbation, and corresponds to other operators 
(starting with dimension 6) which are also induced in this background. 
Of course, the equation (^]^) could also be solved numerically. 



6. 3. Solutions in cases of constant coupling 

Consider the M = 2 case when the coupling is constant. We will see that in this case 
we can solve ( |K.6D (generalizing our results for the conformal cases above). The metric 
transverse to the 7-branes will be of the form ds"^ = gzz\dz\'^ = T2\da\'^ where a is the 
quantity appearing in the Seiberg-Witten solution. Thus, we can define a new variable 
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w{z) such that dw = ^Jr^da. This equation defines a (multivalued) holomorphic function. 



A solution of (|6.6|) can then be written as 



where y are the coordinates transverse to the 3-branes and parallel to the 7-branes and i 
runs over all images of the position of the 3-brane, zq^ i.e. all the possible values w*-*^ = 
w{zq). In orbifold cases, D4, the solutions ( |6.13|) describe branes sitting together in 
the physical z plane, but of course separated from the 7-branes. In the cases ( |6.13| ) 
leads to solutions containing several groups of branes in the physical z space. These are 
some solutions but not the most general solutions. Solutions that have only one group 
of branes in the physical z-space can be gotten by considering functions of w which, as 
opposed to (|6.13| ), are not single valued functions of w. These involve the generalized 
spherical harmonics discussed in section 3. 

Similarly we can construct solutions for other cases of constant r which were described 
in [|3l|]i. As an example consider the case in which a D4 singularity splits into two Hi 
singularites which we set at positions zi = and Z2 = 1. In his case da ~ dw ~ z~^/^{l — 
z)~^/^dz then we see that 

3/^F(3/4, 1/4,7/4,^) (6.14) 

Where F is a hypergeometric function. In this case we see that for large z we get w ~ z^/^ 
which is the behaviour at the singularity. It is simple to take a solution where one has 
threebranes at different points in the physical space by considering eqn. ( |6.13| ). One could 
find similar solutions in other cases with constant dilaton discussed in . 
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